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GELFAND-KIRILLOV DIMENSIONS OF THE Z 2 -GRADED OSCILLATOR 
REPRESENTATIONS OF sl(n) 

ZHANQIANG BAI 


ABSTRACT. We find an exact formula of Gelfand-Kirillov dimensions for the infinite¬ 
dimensional explicit irreducible sl(n, F)-modules that appeared in the Z 2 -graded oscilla¬ 
tor generalizations of the classical theorem on harmonic polynomials established by Luo 
and Xu. Three infinite subfamilies of these modules have the minimal Gelfand-Kirillov 
dimension. They contain weight modules with unbounded weight multiplicities and com¬ 
pletely pointed modules. 
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1. Introduction 

In 1960s, Gelfand-Kirillov [8] introduced a quantity to measure the rate of growth of an 
algebra in terms of any generating set, which is now known as Gelfand-Kirillov dimension. 
In 1970s, Vogan [23] and Joseph [13] used the Gelfand-Kirillov dimension to measure the 
size of the infinite-dimensional modules. Gelfand-Kirillov dimension has been an impor¬ 
tant invariant in the theory of algebras over a field for the past forty years. Although it is 
rarely exact, it has the advantage over Krull dimension of being both symmetric and ideal 
invariant. It has been applied successfully to enveloping algebras, Weyl algebras, and more 
generally to filtered and graded algebras. But in general, the Gelfand-Kirillov dimension 
of an infinite-dimensional module is not easy to compute. 

A module of a finite-dimensional simple Lie algebra is called a weight module if it 
is a direct sum of its weight subspaces. Let M be an irreducible highest-weight module 
for a finite-dimensional simple Lie algebra g. Then M is naturally a weight module with 
finite-dimensional weight subspaces. Denote by d,M its Gelfand-Kirillov dimension. We 
fix a Cartan subalgebra f), a root system A C fj* and a set of positive roots A + C A. 
Let p be half the sum of all positive roots. Suppose that (3 is the highest root. It is well 
known that c?m = 0 if and only if M is finite-dimensional, in which case irreducible 
modules are classified by the highest-weight theory. From Vogan [24] and Wang [26], 
we know that the next smallest integer occurring is c?m = (p,/3 V ). We call them the 
minimal Gelfand-Kirillov dimension module. These small modules are of great interest 
in representation theory. A general introduction can be found in Vogan [24]. Fernando 
[7] showed that the only simple Lie algebras which have simple torsion-free modules (or 
cuspidal modules, i.e.,weight modules on which all root vectors of the Lie algebra act 
bijectively) are those of types A n or C n . He also showed that these finitely generated 
torsion-free U(g )-modules have the minimal Gelfand-Kirillov dimension. A similar result 
was independently obtained by Futorny [6], In the last 20 years cuspidal modules have 
been extensively studied by Benkart, Britten, Grantcharov, Hooper, Khomenko, Lemire, 
Mathieu, Mazorchuk, Serganova and others (see e.g. [3],[4], [9], [10], [18]). 
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Benkart, Britten and Lemire [1] generalized Fernando’s work. They proved that infinite¬ 
dimensional weight modules, whose weight-subspace dimensions are bounded, have the 
minimal Gelfand-Kirillov dimension and exist only for finite-dimensional simple Lie alge¬ 
bras of types A n and C n . Britten and Lemire [5] described all weights u £ ()* such that 
the corresponding irreducible highest-weight sp(2n, C)-module L(u>) has bounded multi¬ 
plicities. Sun [22] classified genuine irreducible lowest-weight modules of sp(2n, C) with 
minimal Gelfand-Kirillov dimension. But other examples of minimal Gelfand-Kirillov 
dimension modules are not well-known. 

In classical harmonic analysis, a fundamental theorem says that the spaces of homoge¬ 
neous harmonic polynomials are irreducible modules of the corresponding orthogonal Lie 
group (algebra) and the whole polynomial algebra is a free module over the invariant poly¬ 
nomials generated by harmonic polynomials. Bases of these irreducible modules can be 
obtained easily (e.g., cf. [27]). The algebraic beauty of the above theorem is that Laplace 
equation characterizes the irreducible submodules of the polynomial algebra and the corre¬ 
sponding quadratic invariant gives a decomposition of the polynomial algebra into a direct 
sum of irreducible submodules, namely, the complete reducibility. Algebraically, this can 
be interpreted as an (sl(2, R), o(n, R)) Howe duality. Recently Luo and Xu [17] estab¬ 
lished the Z 2 -graded oscillator generalizations of the above theorem for sl(n, IF) , where 
the irreducible submodules are Z 2 -graded homogeneous polynomial solutions of deformed 
Laplace equations. An important feature of the irreducible modules in [17] is that the cor¬ 
responding representation formulas are simple and bases are easily given. In fact, these are 
explicit infinite-dimensional highest-weight irreducible sl(n, F)-modules. The goal of this 
paper is to find an exact formula of Gelfand-Kirillov dimension for them. It turns out that 
these Gelfand-Kirillov dimensions are independent of the double grading and four infinite 
subfamilies of these modules have the minimal Gelfand-Kirillov dimension. In general, 
our result will be useful in studying the sl(n, F)-modules with a given Gelfand-Kirillov 
dimension. Below we give more detailed technical introduction. 

Throughout this paper, the base field F has characteristic 0. For convenience, we will 
use the notion i,i + j = {i, i + 1, t + 2,..., i+j} for integers i and j with i < j. Denote by 
N the additive semigroup of nonnegative integers. Let IS rs be the square matrix with 1 as 
its (r, s)-entry and 0 as the others. Moreover, we always assume that n > 2 is an integer. 
Denote SB = F[xi,..., x ni y±, ..., y n ]. Fix 72 , 1,712 £ 1, n with ni < n 2 . Changing operators 
d Xr | —^ - x r , x r !->• d Xr for r £ l,m and d Va >-)■ -y s , y s i->- d Vs for s S n 2 + l,«in 
the canonical oscillator representation Eij\gg = Xid Xj — yjd Vi for i, j £ 1, n, we get the 
following non-canonical oscillator representation of sl(n, F) on SB determined by 


(1.1) 

Ei,j \a = E? d 

- E 1 *,- for i.j e l. n 

with 




(1.2) 

II 

JS 

«*eT 

Kl 

f •Ej 
d Xi d Xj 

—XiXj 
[ Xidxj 

Sij if i,j £ 1, m; 

if i £ 1, m, j £ ni + 1, n; 
if i £ m + 1, n, j £ 1, m; 
if i,j £ m + 1, n 

and 




(1.3) 

v- 

II 

JS 

‘Oj 

f Vi^Vj 

1 -y%yj 

1 dytdyj 
l —Vjdyi — 1 

if i.j £ 1 ,n 2 ; 

if i £ l,n 2 , j G n 2 + l,n; 

if * G ri2 + 1,71, j £ 1,7i 2 ; 
5i,j if i, j £ n 2 + l,7i. 
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The related variated Laplace operator becomes 

ni ri2 n 

(1.4) 9 = -^2,Xid Vi + ^ d Xr dy r - ^2 Usdx s 

i —1 r=ni+l s—ri2 + l 

and its dual 

n i ri2 n 

(1-5) T] = ^ ^ Vi^Xj + ^ ^ VCrlJr H“ ^ ^ ^s^y s - 

i= 1 r=ni + l s=ri2 + l 

Set 

(1.6) 

n ni ri2 n 

^(e 1 ,e 2 ) = Spa.n{x a y 13 \ a,P eN n , ^ a r - A - ^ A-= M 

r—ni +1 i=l i— 1 r=n2+l 

for^!,^ G Z. Define 

(1-7) ^,G> = {/ G I #(/) = 0}. 

Luo and Xu [17] proved that for any £i, £2 £ Z such that £1+^2 < 771 — 772 + 1 — S niyn2 , 
is an irreducible highest-weight sl(n, F)-module. Moreover, the homogeneous 
subspace £$u ly (. 2 ) = ©m=o r l m (^'ui-m,i 2 -m)) ' s a di rect sum of irreducible submod¬ 
ules. In some special cases, they obtained more general results. The following is the main 
theorem of this paper. 


Theorem 1.1. For any ££ Z, ifsl(n, ¥)-module y i 2 ) is irreducible, then it has 

the Gelfand-Kirillov dimension 

( 1 . 8 ) 


d = < 


2 n — 2, 
2 n — 3, 
2n — 4, 


if 1 < n\ < ri 2 < n — 1 or 3 < ni = 772 < n — 3, n > 7; 

if 1 = ni < 71-2 < n or ni < 71,2 = n — 1 or ni = ri 2 = 3 < n = 6; 

ifni = 772 = 2 < 77 — 1 or 1 < 771 = 772 = 77 — 2 ; 


77, 

k ?7-l, 


if 1 < 77i = 772 < 77 — 1; 

otherwise. 


We find that some of these irreducible highest-weight sl(?7, F)-modules have the mini¬ 
mal Gelfand-Kirillov dimension. The result is as follows. 


Corollary 1.1. An irreducible sl(n,¥)-module has the minimal Gelfand-Kirillov 

dimension 77 — 1 if and only if 

(1) ?7i < 772 = 77. 

(2) ?7i = ?7 2 = 1. 

(3) ?7i = 772 = 77 — 1. 

From Benkart-Britten-Lemire [ 1], an infinite-dimensional weight module is called com¬ 
pletely pointed if its weight spaces are all one-dimensional. Using the results on modules 
for Weyl algebras, they provided the whole list of simple infinite-dimensional completely 
pointed modules. These modules are described in terms of multiplication and differenti¬ 
ation operators on “polynomials”. Comparing with their result [1], we can give different 
realizations for some of these simple infinite-dimensional completely pointed modules. 

Corollary 1.2. An irreducible sl(?7, ¥)-module (with highest weight vector v\ of 

weight A) is completely pointed if and only if 




4 


ZHANQIANG BAI 


(1) m + 1 < 712 = n, 

= ^mi,0). with V X = ®ni+l' ^ = -K + l)Ani + miAn 1+ i, mi £ N 
or = ^(- mi ,o), vw'rt w A = X™ 1 , A = miA ni _i - (mi + l)A ni , mi < 

n — ni — 2 or mi > n — ni — 1 . 

(2) m + 1 = ri2 = n, 

= ^-mi,i 7 i 2 )> wirt u A = x™ 1 ?/™ 2 , A = (m 2 — mi — l)Ai, m, £ N am/ 
m 2 < mi, n = 2 

or = ^_ mii0 >, with v x = x™± v A = miA ra _ 2 - (mi + l)A„_i, 

mi £ N 

or ^I x ,i 2 ) = ^(m,o>> Wirt v A = x™_!, A = mA„_ 2 - (m + l)A„_i, m £ Z. 

(3) ni =n 2 = 1, 

wirt v A = x™ 1 , A = —(mi + 2)Ai, mi £ N 
or^<i,< 2 ) = ^m 1+ i,- mi -i), with vx = (™ 1+1 , A = -(mi + 3)Ai, mi £ N, 
n = 3. 

(4) Til = 712 = 71 — 1, 

^<iA) = J#(o-m 2 ), with vx = y™ 2 , A = -(m 2 + 2)A n _i, m 2 £ N 
or Jji li(2 } = ^_ m2 _i jm2+ i), wirt v A = Cr 2+1 > ^ = ~( m 2 + 3)A 2 , m 2 £ N, 
n = 3. 

Benkart-Britten-Lemire [1] showed that when infinite-dimensional simple sl(n, F)-modules 
have bounded weight multiplicities, they must have the minimal GK-dimension n — 1. 
From our formula and Luo-Xu [17], we can easily find that the converse doesn’t hold. For 
example, when m = n 2 = 1 < n, the irreducible highest-weight module - : A \_ i. i) has 
a highest weight vector Xiy 2 of weight —4Ai + A 2 . But it doesn’t have bounded weight 
multiplicities. 

In Section 2 we recall the basic definition of the Gelfand-Kirillov dimension. In Section 
3, we give the formula on the Gelfand-Kirillov dimensions of these highest-weight modules 
In Section 4, we give a proof for our formula. The proof is given in a case-by¬ 
case way. In Section 5, we give a corollary about the sl(n, F)-modules which have the 
minimal Gelfand-Kirillov dimension. 

2. Preliminaries on Gelfand-Kirillov Dimension 

In this section we recall the definition and some properties of the Gelfand-Kirillov di¬ 
mension. The details can be found in Refs. [2, 12, 15, 20, 23, 25], 

Definition 2.1. Let A be an algebra (not necessarily associative) generated by a finite¬ 
dimensional subspace V. Let V n denote the linear span of all products of length at most 
71 in elements ofV. The Gelfand-Kirillov dimension of A is defined by: 

,. log dim(y™) 

GKdimiA) = limsup--- 

n-Hx> log 71 

Remark 2.1. It is well-known that the above definition is independent of the choice of the 
finite dimensional generating subspace V (see Ref [2, 15]]. Clearly GKdim(A) = 0 if 
and only if (\im( A) < 00 . 

The notion of Gelfand-Kirillov dimension can be extended for left ^-modules. In fact, 
we have the following definition. 

Definition 2.2. Let A be an algebra (not necessarily associative) generated by a finite¬ 
dimensional subspace V. Let M be a left A-module generated by a finite-dimensional 
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subspace Mq. Let V n denote the linear span of all products of length at most n in elements 
ofV. The Gelfand-Kirillov dimension GKdim(M) of M is defined by 

„ T ,,. t logdim(y n M 0 ) 

GKdim(M ) = limsup---. 

n->oo log n 

In particular, let g be a complex Lie algebra. Let A =U(q) be the enveloping algebra 
of g, with the standard filtration given by A n = U n (g), the subspace of U(q) spanned by 
products of at most n-elements of g. By the Poincare-Birkhoff-Witt theorem (see Knapp 
[14, Prop. 3.16]), the graded algebra gr(W(g)) is canonically isomorphic to the symmetric 
algebra 5(g). Suppose M is a (Y(g)-module generated by a finite-dimensional subspace 

OO 

Mq. We set M n = U n (g)M 0 . Denote grM = 0 gr n M, where gr n M = M n /M n _\. 

n —0 

Then gr M becomes a graded 5(g)-module. We denote dim(M n ) by iThen we 
have the following lemma. 


Lemma 2.1. (Hilbert-Serre [29, Chapter VII. Th.41] and [28]) 

(1) With the notations as above, there exists a unique polynomial such that 

= 'Pm [ft) for large n. The leading term ofifiM(n) is 


c(M) 

(^m)! 


Wm 


where c(M) is an integer. 

(2) The degree d\i of this polynomial is equal to the dimension of the associ¬ 

ated variety 


f{M) ={Ie 0*|l>PO = 0,Vp e Ann s(0 )(gr M)}, 

where Anng( 0 )(grM) = {D € 5(g)|Dv = 0, Wv S gr M} is the annihilator ideal 
of grM in 5(g), and 5(g) is identified with the polynomial ring over g* through 
the Killing form of g. 


Remark 2.2. From the definition of Gelfand-Kirillov dimension, we know 
GKdim{M) = ]im S „p = tm , ap h W“M = du = dim y(M). 

n—too log Tl n—loo log 71 

Example 2.1. Let M = C[xi, ...,Xk\. Then M is an algebra generated by the finite¬ 
dimensional subspace V = Spanc{xi ,..., Xk}- So M n = V n = 0 P q [xi,Xk\ is 

0<q<n 

the subset of homogeneous polynomials of degree < n. Then 

<PM(n) = ^2 dimc(P g [xi, ...,Xfc]) 

0<q<n 



< h T) 


Then we have GKdim(M) = k. 
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3. A FORMULA ON THE GELFAND-KlRILLOV DIMENSION 
We keep the same notations with the introduction. Write 

(3-1) Cl — VCni — lIJni 1? C 2 — ^ri\ +l^ni +2 ^ni+2?/ni + l ■ 

FromLuo-Xu [17], the followings are detailed irreducible highest weight sl(n, F)-modules: 

(1) rii +1 < n -2 < n. For mi, m 2 £ N with mi +TO 2 > n 2 — rii — 1, is 

an infinite-dimensional irreducible module with a highest-weight vector a:™ 1 y™ 2 +1 ■ 
For mi,m 2 £ N with m 2 — mi > ri 2 — ni — 1, ^ mi ,_ m2 ) is an infinite¬ 
dimensional irreducible module with a highest-weight vector x™^ +1 y™ 2 + i- For 
mi,m 2 £ N with mi — m 2 > ri 2 — ni — 1, is an infinite-dimensional 

irreducible module with a highest-weight vector a;™ 1 . 

(2) m + 1 < ri 2 = n. For mi, m 2 £ N, ^m ll m 2 > i s an infinite-dimensional irre¬ 
ducible module with a highest-weight vector x™l + iU™ 2 - For mi, m 2 £ N with 
mi < n —ni — 2 or m 2 — mi < ni — n + 1, J%\- mi ,m, 2 ) is an infinite-dimensional 
irreducible module with a highest-weight vector a;™ 1 y™ 2 . 

(3) ni + 1 = n -2 < n. For mi,m 2 £ N, J£(_ mij _ m2 \ is an infinite-dimensional 

irreducible module with a highest-weight vector 2 ;™ 1 t/™ 2 +2 . For mi, m 2 £ N 
with m 2 — mi > 0, * s an infinite-dimensional irreducible module 

with a highest-weight vector £™ 1 1 +i2/rTi+ 2 - For mi, m 2 £ N with mi — m 2 > 0, 
J4?(_ rni m 2 ) is an infinite-dimensional irreducible module with a highest-weight 
vector a:™ 1 y™ 2 +1 . 

(4) m + 1 = 712 = n. For mi, m 2 £ N with m 2 < mi, ^- mi ,m 2 ) is an infinite¬ 
dimensional irreducible module with a highest-weight vector y " 12 . More¬ 
over, 0 ) is an infinite-dimensional irreducible module with a highest-weight 
vector x™_i. For mi,m2 £ N + 1, J^ mi ,m 2 ) is an infinite-dimensional irre¬ 
ducible module with a highest-weight vector 

'/ \^n— lUn /' 

(5) n\ = ri 2 < n — 1. Let mi,m 2 £ N. The subspace ^_ mi _ m2 ) is an infinite¬ 
dimensional irreducible module with a highest-weight vector a;™ 1 ?/,™ 2 ^. The sub¬ 
space <#( mi +i,_ m2 _ mi _i) is an infinite-dimensional irreducible module with a 
highest-weight vector y™ 2 +1 C™ 1+1 . Ifni > 2, the subspace J^_ mi _ m2 _ lim2+ i) 

is an infinite-dimensional irreducible module with a highest-weight vector a;™ 1 (™ 2+1 . 

(6) ni = n 2 = n — 1. Let mi, m 2 £ N. The subspace J^_ mi: _ m2 ) is an infinite¬ 
dimensional irreducible module with a highest-weight vector a;™ 1 y."' 2 +1 . If n > 3, 
the subspace 

=^(_ mi _ rn2 _i jrn2 +i) is an infinite-dimensional irreducible module with a highest- 
weight vector a;™ 1 <^™ 2+1 . 

(7) m = n 2 = n. Let mi,m 2 £ N. The subspace J^_ mi _ m2i7 „ 2 ) is finite¬ 
dimensional and is an irreducible module with a highest-weight vector a;™ 1 C,’" 2 . 

Then we have our main theorem, i.e. Theorem 1.1. 


4. Proof of the main theorem 

Now we want to compute the Gelfand-Kirillov dimension of the sUn, F)-module -Wij, 
for all cases. Suppose its highest weight vector is v\ with highest weight A. 
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We simply write Eij\gg as Eij. Take 

n—1 

(4.1) f) = ^F (E iti - E i+hi+1 ) 

i =1 

as a Cartan subalgebra of sl(n, F) and the subspace spanned by positive root vectors: 

(4.2) sl(n,F) + = ^ F E itj . 

l<i<j<n 

Correspondingly, we have 

(4.3) s((n,F)_ = Y, 

l<i<j<n 


From the highest-weight module theorem we know that = IL(q)v\ = U{$-)v\. 

In the following we will compute the Gelfand-Kirillov dimension of U(g -)v\ in a case- 
by-case way. 

Firstly we need the following two well-known lemmas. 

Lemma 4.1. (Multinomial theorem) 

Let n, m be two positive integers, then 


(4.4) 


{((i,fe,..,L)er|^Si = n} 


n + m — 1 
m — 1 


Lemma 4.2. Let p, n be two positive integers, then 


(4.5) Y iP = 


l) P +t 




B k fp 


i=0 


p + 1 ^ p — k + 1 \k 

k— 1 


i) 


p—k +1 


nP +1 


P+1 


where Bk denotes a Bernoulli number. 

From these two lemmas, we can get the following several propositions. 


Proposition 4.1. Let k G N and we denote Mk 
Then 


n (xix t ) pit i 

l<i<ni 

ni+l<t<n 


Pit = k,p it £ N 

l<i<ni 

ni+l<t<n 


(4.6) a k = dim Span R M k = ^ ^ « ak n 2 , 


for some constant a. 
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Proof. From the definition of Mk, we know that all the elements in Mk are monomials and 
they must form a basis for SpanuMk- Thus 


Ofc 


= dim Span K M k = # < H ( XiX t ) Pit \ ^ p it = k,p it G N 


l<2<ni 

ni+l<t<n 


l<i<ni 

ni+l<t<n 


=# \ II ( x *)^ n H ^2 Pit = k,p it & N 

l<i<n i ni + l<£<n 


l<i<ni 

ni+l<£<n 


ni+fc — fn — ni + fc — 1 


a/c™ 2 , for some constant a. 


□ 


Proposition 4.2. Let k G N and we denote Nk = S II {xiX t - yiyt) hit \ E /lit = G N 

l<i<m l<i<ni 

^ni+l<£<n ni+l<£<n 

Then we have 


dk = dim Spans,Nk « < 


2 <t<n 


for some positive constant cq. The case for n\ = n — 1 is dual to the previous case. 
When rii = 2 < n — 1, we have 


Co k n ~ 2 , ifni = 1 or rii = n — 1 ; 

Cik 2n ~ 5 , ifni = 2<n — lorl<m=n — 2; 

C2k 2n ~ i , ifni — 3 < n = 6; 

C 3 fc 2n_3 , i/3 < m < n — 3, n > 7. 

Here cq, c±, C 2 and C 3 are some positive constants which are independent of k. 

Proof When n\ = 1, we have 

d k = dim SpanwiNk = i H {xix t - ym) ht I X] ht = k ’ ht e N > = f H 1 + k ^ 

I 2 <t<n I V J 


c 0 k r ‘ 


dk = dim Spanm.Nk 


= dim SpanW (xiX t 

l<i<2 
\ 3<£<n 


yiVt) hit I ftit 

l<i<2 

3<£<n 


fc, ha G N 


\ 


> dim S/an R < H {xix t ) hlt H (t/22/t)' 12 * | ^ ha = k, hu G N > 

3<t<n 3<t<n l<z<2 

[ 3 <t<n 

« Cnk 2n ~ 5 . 

On the other hand, we have (4 = dim SpariR A/ < = ci2k 2n ~ 5 , for 

some positive constant C12. So we must have dk = dim Span^Nk « Cik 2n ~ 5 , for some 
positive constant ci. The case for 1 < n\ = n — 2 is dual to the previous case. 
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When m = 3 < n = 6, we have 


dk = dim SpansNk 


= dim Span R < ( XiX t - Uiyt) hit \ y hit = h it &N > 

l<i<3 l<i<3 

^4<t<6 4<i<6 


> dim Spans. {( xiX4) hl 4 ( XiX 5 ) hl5 ( x 2 x 6 ) h26 ( x 2 x 5 ) h25 ( x 3 x 6 ) h36 


•(2/iye) ?ll6 (2/22/4)' 124 (2/32/4)^ (ysys)^ 35 1 hit 


l<i<3 
4 <t<n 


= fc, /lit G N > 


= dim Spans { ({.xi) hli+hlb ( x 2 ) h25+h2e {.x^y^+^y^y^) 


C 2 lk 8 . 


((X4) hli {X5) 


^15 + ^25 


{x 6 ) 


^26+^36 / 


(2/2 )^ 24 (2/3) 


Zl34 + /l35 /ll6 

i/l 


y ^it = fc, /lit g n 

l<z<3 
4 <£<n 


On the other hand, we have dk = dim SpansNk < C22fc ni ^™ _ni -* _1 = C22 fc 8 , for some 
positive constant 022- So we must have dk = dim SpansNk ~ C2/C 8 = c 2 k 2n ~ 4 , for some 
positive constant C 2 . 
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When 3 = n\ < n — 3, we have 


dk = dim SpansNk 


= dim Spang. < 


> dim Spans < 


( (xat - yiyt) hit ){ (xix t — yiyi) hit )\ ^2 h it = k, h it e N 


l<z<3 

4<i<6 


l<z<3 
7 <t<n 


l<i<3 

4 <t<n 


( [xiXt - yiyt) hit )( (x 3 x t ) h3t {yiy t ) hlt (y 2 yt) h2t ) 


l<i<3 
4 <t<6 


7 <t<n 


y j hit = fc, hit € N 


l<i<3 

4<£<n 


> dim Spans s (a;i) , 114 +?ll 5 (a; 2 ) ,t 25 +?i 26 (a: 3 ) ?l 36 +E?l 3 t J/ 4 24 +ft 34 y 5 35 2 / 6 16 Vt lt+h2t 

l \ 7<t<n 

{x A ) hli (x 5 ) hls+h25 (x 6 ) h26+h3e ( Xt 3 t ){y 2 ) h2i+Y: h2t (y3) h3i+h35 yi 16+Y: hit 

y hit = k, hit € N 


7<t<r 


l<i<3 

4<£<n 


c 3 ifc 


2n—3 


On the other hand, we have 


<4 = dim SpansN k 


< dim Spans 


C32& 


2n—3 


(xiX t ) Pu + = k " 

l<i<ni l<i<ni 

ni + l<£<n ni + l<£<n 


for some positive constant c 3 2 - So we must have dk = dim SpansNk s=s c 3 k 2n ~ 3 , for 
some positive constant c 3 . The case for 3 < ni = n — 3 is dual to the previous case. 

When 3 < ni < n — 3, we can use the same inductive argument with the above case 
and get 

d k = dim SpansNk ~ c 3 k 2n ~ 3 , 


for some positive constant c 3 . 


□ 
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Proposition 4.3. Let k € N. Suppose 2 < ri \ + 1 < n 2 < n — 1 and we denote 

K ={n( xiXs ) pis n^) 9 - no** ~ 

\ 


Pis + 5Z qst + 5Z hu = k ’ 

l<i<ni ni+l<s<ri2 l<i<ni 

ni+l<s<n 2 n2 + l<t n2+l<£<n ^ 


then 

d' k = dim Spang.N k « cfc 2 " -3 , 


/or some constant c. 

Proof. When m = 2 < 77.2 < n — 1, then from Prop 4.2 we have 

d' k = dim Span R {lJ(zi£ s ) Pis - yiVt) hit 1 J3 P™ + 5^ + 53 = &} 

> dim Span® { | (x2) h2 ’ n2+1+Sp2 ' , (xi)^ Pls ( JJ (a;i) ?llt )( JJ (yt) h2 *)(yt)^ 9s *(yri2+i) ,ll ’ n2H 

n 2 +2<t <n n 2 +2<i <n 


n(x s ) p - +p -(x n 2 + i)^- 2 +H n n ^ 

n2+2<t<n n,2+2<£<n 

1 53^+53 qst +53 hu = fc } 

~ c 0 k 2n ~ 3 , for some constant Co- 
On the other hand, we have 
d' k = dim Span«.N k 

<dimSpan R {]J(xi:r s ) Pis JJ(y s yt) 9st JJ(*»»*)*“ ~[[(yiyt) fit | 


tl2t 


53 +53 p * 4 +53 ^ it d~ 53 ■£** — k} 


(4.7) 


= dim Span R < JJ (a; i a; So ) P4 ‘o JJ (yioJ/t) 9 * 0 * I 53 fts ° + 53 9i °* = k 


l<i<ni 

ni+l<so<n 


l< 2 0 <n 2 

n 2 + l<£<i n 


coofc 2 " d , for some constant cqo- 


So we must have d! k = dim Spang.N k « ck 2n ~ 3 , for some positive constant c. 

From Prop 4.2, we can use the similar argument to compute the other cases. And for 
these cases we still have d' k = dim SpanwiN k « ck 2n ~ 3 , for some positive constant c. 

□ 


Next, we will compute the Gelfand-Kirillov dimensions of our modules in a case-by- 
case way. 
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4.1. Case 1. n\ + 1 < n .2 < n. In this case we have: 

(4.8) 

Er,i\& — X-id Xr yi&y r 

for 1 < i < r < ni, 

(4.9) 

Es,i\& — XiX s Vi^Hs 

for i G 1, ni, s G ni + 1, n 2 , 

(4.10) 

E t ,i\gg = ~XiX t + UiUt 

for i G 1, ni, t G n 2 + 1, n, 

(4.11) 

Es,j\& = X s d X j Uj^ys 

for ni < j < s < n 2l 

(4.12) 

E t ,s\& = x t d Xs + y s y t 

for s G n\ + 1, n 2 , t G n 2 + 1, n, 

(4.13) 

Et,p\& — XtO Xp + yt&y p 

for ri 2 + l<p<f<n. 

Then the above E hl forms a basis for the subalgebra sl(n, F)_. 

From Luo-Xu [17] we know that for mi,m 2 G N with mi + m 2 > n 2 — n\ 
J^_ m i _ TO2 ) has a highest-weight vector v\ = x™ 1 y™ 2 +1 of weight A = miA ni 
(mi + l)A ni - (m 2 + 1)A„ 2 + to 2 (1 - £n 2 ,n-i)A„ 2 +i. Then 

(4.14) 

0 

II 

oT 

for m < j < s < n 2l 

(4.15) 

E ni ,i\® v \ = -^^(CC+i) 

, for 1 < i < m, 

(4.16) 

Er,i\&V\ = 0 

for 1 < i < r < n \, 

(4.17) 

£3 

& 

<2 

II 

O 

forri 2 + 1 < p < t < n, 

(4.18) 

£t,n 2 +l|^A = ytdy na+1 (x^y^ +1 ) 

for n 2 + 1 < t < n. 


Let 0 i be the subalgebra of sl(n, F) spanned by the following set: 


{E s j,E rt i,E tiP \m < j < s < 722 ,1 < i < r < n\,n 2 + 1 < p < t < n}. 

Let 02 be the subalgebra of si (n, F) spanned by the following set: 

{E Sti ,E tt i,E t , s \i G 1, m, s 6m + 1, ri 2 , t G ri 2 + l,n}. 

So we get £Y( 0 _) = U{q 2 )U(qi). 

Observe that 




ni — 1 


=Span R { E*i ti E l t * n:i+1 vx\ki,lt G N} 

i= 1 t=n 2+2 


=Span R { J 


n i ^ (mi— 

ki 


X i °X ni 


i—1 

ni 


i 

n 

t=n,2+2 


(m 2 - E l t ) 

l t t = n 2 + 2 

ytVn 2 +l 


\ki,lt GN} 


=5pan M {/Q.r.f' fci = 77li, E k = m 2 } 

i—1 t=n 2 +1 i=l i—n 2 + l 


We denote this space by Mo- Then Mo is a subspace of the space spanned by the 
homogeneous polynomials of degree mi + m 2 in F[xi, x ni ,y n2+ 1 ,?/„]. So M 0 is 
finite-dimensional. 

Thus 


U{q-)v\ = U(q 2 )M 0 . 
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n i n 

Now we take any base element u o = n n y\ l £ Mo. Let k be any positive 

2=1 t=n 2 +l 

integer. We want to compute dim{Uk{Q 2 )Mo), and get the Gelfand-Kirillov dimension of 
U(Q2)Mq. 

We denote 

wow={ (n n ^ n &*, e n, 


E 


Psi 


^2 hti+ ^2 9ts = k 


l<i<ni 
ni + l<s<n 2 


l<i<ni 

n 2 +l<£< n 


ni+l<s<n 2 

n 2 +l<£<n 


From the definition we know 

(n^n^rn^i-o 

=- yi d vsY si \\{-xixt + ym) hti ik n 


y l t 


2=1 t=n 2 +1 


(n( _xi;Es ) ps ‘ ri(-^+n^) n e n 

+ lower degree part of y s . 


l t 

Vt 


2=1 t=ri2 +1 


Then we must have 

dim Spanm.No (m) > d' m . 

Using the same idea with inequality 4.7, we can also get 

dim Spanm.No(m) < d' m . 

Thus dim Spans.No(m) = d' m . 

Then using proposition 4.3, we can get 


dim Span R ( [J N 0 (m)) 

= E d 'm 


0<m<k 


0 <m<k 


bi 

E 

TO 2 ™' 

-4 

if 

2 

= 

Til 

+ 

1 < 

n 2 < n 

Or 77-1 + 1 < 

n 2 = n — 1 


0 <m<k 












Cl 

E 

TO 2 ™' 

-3 

5 

if 

2 

< 

Til 

+ 

1 < 

n 2 < n 

- 1 



0 <m<k 












bk 

2n— 3 

5 

if 2 = 

= ni 

+ 

1 

< 

n 2 

< 

n or ni + 1 

< n 2 = n — 

1 

ck 

2 n—2 

5 

if 2 < ?ri 

+ 

1 

< 

n 2 

< 

n — 

1. 




We know 

dim Spanm.( [J N 0 (m)) < dim(U k (q 2 )M 0 ) < dim M 0 dim Spans.( (J N 0 (m)). 

0<m<fc 0 <m<fc 

Then from the definition, we know that the Gelfand-Kirillov dimension of U(q- )v\ is 

2n — 3, if 2 = m + 1 < ri 2 < n or m + 1 < tt -2 = n — 1 


d = 


2n — 2, if 2 < m + 1 < 7i2 < n — 1. 
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From Luo-Xu [17] we know that for mi,m 2 £ N with m 2 — mi > — n\ — 1, 

^mi,-m 2 ) has a highest-weight vector x™' + i y™ 2 +1 of weight-(mi+l)A ni +miA„ 1+ i- 
(m 2 + 1)A n 2 -f m 2 (l — 5 n2 ,ri-i)A n2+ i. For mi, m 2 G N with mi — m 2 > n 2 — «i — 1, 
^- mil m 2 ) has a highest-weight vector a:™ 1 ?/™ 2 of weight miA ni _i - (mi + l)A ni + 
m 2 An 2 _i — (m 2 + 1)A„ 2 . The arguments for these two cases are similar to the above case, 
and we have the same Gelfand-Kirillov dimension 


4.2. Case 2. m + 1 < n 2 = n. In this case we have: 

(4.19) Er ti \@ = -Xid Xr - yid Vr for 1 i < r < m, 

(4.20) E S)i \ ss = -x i x s -y i d ya for i G 1, m, s G ni + 1, n, 

(4.21) E a> j\& = x s d Xj - yjd ya for n x < j < s < n. 

Then the above Ej ± forms a basis for the subalgebra sl(n, F)_. 

From Luo-Xu [17] we know that for mi,m 2 G N, ^ mi , m2 ) has a highest-weight 
vector x™' +1 y™ 2 of weight -(mi + l)A ni + miA„ 1+ i + m 2 A„_i. For mi,m 2 G N with 
m\ < n — ni — 2 or m 2 — mi < n\ — n + 1, has a highest-weight vector 

x nlVn 2 of weightmiA ni _i - (mi + l)A ni + m 2 A„_i. 

The arguments for these two cases are similar to case 1, and from proposition 4.1 we 
have the Gelfand-Kirillov dimension equal to 


n — 1. 


4.3. Case 3. ni + 1 = n 2 < n. In this case we have: 

(4.22) E r ^i\g$ — Xidx r y%dy r 

(4.23) E ni+ I } i\ag — XiX ni -i 1 yi^y ni + i 

(4.24) Et'i\yg = -XiXt + ViVt 

(4.25) E t ni+ i\og XiO Xn ^^ 1 T ym+iyt 

(4.26) E t , p \® = x t d Xp + y t d Vp 


for 1 < i < r < ni, 
for j G l,m, 

for i G 1, m, t G ni + 2, n, 

for t G ni + 2, n, 

for ni + 2<p<f<n. 


Then the above E J: , forms a basis for the subalgebra sl(n, F)_. 

From Luo-Xu [17] we know that for mi, m 2 G N, ^_ mii _ m2 ) has a highest-weight 
vector x™y™ +2 of weight mi A ni _ 1 -(m 1 +l)A ni -(m 2 +l)A ni+1 +m 2 (l-(5„ 1>n _ 2 )A ni+2 . 
For mi, m 2 G N with m 2 — mi > 0, ^ mii _ m2 ) has a highest-weight vector a;™ 1 , -, 
of weight —(mi + l)A ni +(mi -m 2 - l)A ni+1 +m 2 (l — <S„ 1)T i- 2 )A ni+2 . For m 1; m 2 G 
N with mi — m 2 > 0, has a highest-weight vector x™'y™^ +1 of weight 

mi\ ni -i + (m 2 - mi - l)A ni - (m 2 + l)A„ 1+ i. 

The arguments for these three cases are similar to case 1, and we have the Gelfand- 
Kirillov dimension equal to 

, _ J 2n — 3, if 2 = m + 1 = n 2 < n or m + 1 = n 2 = n — 1 
[ 2n — 2, if 2 < m + 1 = n 2 < n — 1. 


4.4. Case 4. m + 1 = n 2 = n. In this case we have: 

(4.27) E r ,i\@ = -Xid Xr - yid Vr for 1 < i < r < n - 1, 

(4.28) E n i\g§ = XiX n yidy, 


for * G 1, n — 1. 
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Then the above E hl forms a basis for the subalgebra sl(n, F)_. In this case, we denote 

n— 1 

(4.29) r l=^2 Vidxi + Xn V n - 

i=1 

From Luo-Xu [17] we know that for mi,m 2 G N with m 2 < mi, has a 

highest-weight vector x™iiV™ 2 of weight miA „_ 2 + (m2 - mi - l)A„_i. Moreover, 
J£[m,Q) has a highest-weight vector x™_i of weight mA n -2 — (m + l)A n _i for meZ. 

The arguments for these two cases are similar to case 2, and we have the Gelfand- 
Kirillov dimension equal to 

n — 1 . 

For mi, m 2 G N + 1, =A^ mijm2 ) has a highest-weight vector r ] mi+m2 of 
weight m 2 A „_ 2 + (mi — m2 — l)A n _i. Then similar to the the arguments in case 2, we 
have the Gelfand-Kirillov dimension equal to 

n — 1 . 


4.5. Case 5. m = n 2 < n — 1. In this case we have: 

(4.30) E Ti i\gg = -Xid Xr - yidy r for 1 < i < r < m, 

(4.31) E tii \gg = —XiX t + yiyt fori G 1,71!, t G ni + l,ra, 

(4.32) E t , p \® = x t d Xp + y t dy p for m + 1 < p < t < n. 

Then the above Ejj forms a basis for the subalgebra s\{n, F)_. 

In this case, recall 


( 4 . 33 ) £1 — x ni — iy ni x ni y ni —i, C2 — x ni -\-iy ni -\-2 x ni -\-2yn\+i- 

From Luo-Xu [17] we know that for mi,m 2 G N, the subspace has a 

highest-weight vector x™^y™* + i of weight mi(l - $i, ni )A ni _i - (mi + m 2 + 2)A ni + 
m 2 A„ 1+ i. The subspace ^( mi+ i > _ m2 - mi -i) has a highest-weight vector iC™ 1+1 
of weight -(mi + m 2 + 3)A ni + m 2 A„ 1+ i - (mi + 1)(1 - 5 ni ,n-2)X ni +2- If 7ii > 
2, the subspace ^_ mi _ m2 _i jm2+ i) has a highest-weight vector x™^(™ 2+1 of weight 
(m 2 + l)A ni _ 2 - miA ni _i - (mi + m 2 + 3)A ni . 

Then from Prop 4.2 we have the Gelfand-Kirillov dimension equal to 

{ 7i—l, if 1 = m = n 2 < n — 1 

2n — 4, if rii = 7i2 = 2 < 7i — 1 or 1 < ni = 712 = n — 2 

2n — 3, if rii = ri 2 = 3 < 71 = 6 

2n — 2, if 3 < rii = 712 < n — 3, n > 7. 


4.6. Case 6. ni = ri 2 = n — 1. In this case we have: 

(4.34) E r ,i\gg = -Xid Xr - y l d Vr for 1 < i < r < n - 1, 

(4.35) E n _i\yg = -XiXn + yiy n for i G 1,71 - 1. 

Then the above L,, forms a basis for the subalgebra sl(n, F)_. 

In this case, we denote 


(4.36) Ci = x n - 2 yn-i - x n -iy n - 2 . 

From Luo-Xu [17] we know that for mi,m 2 G N, the subspace has a 

highest-weight vector x™y™ +1 of weight mi(l - 2 )A„_ 2 - (m 1 + m 2 + 2)A„_i. 

If n > 3, the subspace J^_ mi _ m2 _i m2+1 ) has a highest-weight vector ar^Ci" 2 " 1 " 1 of 
weight (m 2 + 1)(1 - (5n,3)A n -3 - mi \ n -2 - (mi + m 2 + 3)A„_i. 
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Then similar to the the arguments in case 2, we have the Gelfand-Kirillov dimension 
equal to 


n — 1. 


4.7. Case 7. m = 772 = n. In this case we have: 

(4.37) E rt i\gg =-Xid Xr - yid Vr for 1 < i < r < n 

Then the above Ejj forms a basis for the subalgebra s [( 77 , F)_. 

From Luo-Xu [ 17] we know that the subspace J^(- mi - r n 2 , r n 2 ) is finite dimensional and 
has a highest-weight vector x™ 1 ^™ 2 of weight 7712(1 — 5 n ^)^n-2 + tt7iA„_i. Obviously 
its Gelfand-Kirillov dimension is equal to 0. 

This completes the proof of our formula. 


5. Minimal Gelfand-Kirillov dimension module 


Let M be an irreducible highest-weight module of sl(n,F). We denote its Gelfand- 
Kirillov dimension by d,M- From Vogan [24] and Wang [26], we know that the minimal 
Gelfand-Kirillov dimension is cIm = n — 1. The corresponding modules are called the 
minimal GK-dimension module. 

From Luo-Xu [17] and our formula 1.8, we find the following result. 

Corollary 5.1. Let n(> 2 ) be a positive integer. Fix 771,772 G 1,77 with n\ < 712 . The 
irreducible highest-weight sl(n,W)-module / las the minimal Gelfand-Kirillov di¬ 

mension if and only if 

(1) 77i < 712 — 71. 

(2) m = 7i 2 = 1- 

(3) Til = 772 = 71 — 1. 


We denote sF = Ffaq,..., x n ]. Fix 1 < 77i < 77 . Changing operators d Xr n- — x r 
and x r 1 —^ d Xr in the canonical oscillator representation = Xidj for r G 1, n\, we 

obtain the following non-canonical oscillator representation of s[(rz, F) determined by: 


(5.1) Eij U =- 

For any k G Z, we denote 


3C j &xi 

-8i,j if i,j G 1, ni; 

d Xi d Xj 

if i G l,77i, j G 77i + 1,77; 

—XiXj 

if i G 77i + 1, 77 , j G 1, 77i; 

Xid Xj 

if i,j G 77i + 1, 77 . 


n n 1 

= Span {x a \ a G N n ; ^ a r — ^ on = k}. 

r—ni + 1 i=l 


It was presented by Howe [ 1 1] that for mi, m 2 € N with ?th > 0, ^_ mi ) is an irreducible 
highest-weight sl(n,F)-submodule with highest weight mi\ ni -i — (mi + l)A ni and 
£^(rn 2 ) i s an irreducible highest-weight sl(77, F)-submodule with highest weight —(m 2 + 
1)A ni + 7772(1 <5n 1 ,n-l)A„ 1 + l. 

By a similar argument with our formula, we have the following corollary. 


Corollary 5.2. Fix 1 < 771 < 77 . For mi, m 2 & N with mi > 0, the irreducible highest- 
weight module and £^(m 2 ) have the minimal Gelfand-Kirillov dimension (77 — 1). 
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